We calculate the Lamb, fine and hyperfine shifts in bb with n = 2, l = 0, 1. Radiative corrections as well as leading nonperturbative corrections (known to be due to the gluon condensate) are taken into account. The calculation is parameter-free, as we take Λ, α s G 2 from independent sources. Agreement with experiment is found at the expected level ∼ 30%. Particularly interesting is a prediction for the hyperfine splitting, M average (2 3 P ) − M(2 1 P 1 ) = 1.7 ± 0.9 MeV, opposite in sign to the cc one (≈ −0.9 MeV), and where the nonzero value of α s G 2 plays a leading role.
Introduction
In a previous paper [1] (hereafter to be referred as TY ‡ ) we presented an evaluation of the potential for heavysystems [1, 2] . The evaluation included relativistic effects, one-loop radiative corrections and (for the spinindependent part) the dominating two-loop ones. With this we evaluated a number of quantities, taking into account also leading nonperturbative corrections, which are known [3] to be due to the contributions of the gluon condensate. It was shown that a very good account could be given of the lowest lying bb bound states (some features of cc were also discussed). Notably, both the energy and wave function (this last through e + e − decay) of the states with n = 1 were given; the splittings between these states and those Actually we preferred in TY to deduce m b from the mass of the Υ(1S) state.
The errors given for this quantity in (1) correspond to that in Λ (the first),
to that in the gluon condensate (the second); the third is an estimated systematic error.
The value of m b given in (1) is for the pole mass, which is the appropriate quantity to be used in a Schrödinger equation. It corresponds to a running ‡ We will freely use the notation of TY 
which compares favorably with the SVZ estimate [4] of 4250 ± 100 MeV.
For some of the states with n = 2, l = 1, 0 no result could be given; only the perturbative contributions were presented and they failed to reproduce the experimental values. This was because the nonperturbative corrections, more involved than for the n = 1 case, had not been calculated at the time.
In the present paper we finish the calculation of the leading nonperturbative (NP, henceforth) contributions to the n = 2 states. We are thus able to present a complete, rigorous and parameter-free QCD evaluation of the full n = 1 and n = 2, l = 1, 0 bottomium system. For some of the quantities the NP corrections (which are always large) are under control; for some others the calculation loses reliability. By and large, nevertheless, a coherent picture and good agreement with experiment are obtained.
NP corrections grow very fast with n so for n ≥ 3 they get so large (for bb) that a QCD calculation based on leading effects becomes meaningless as was indeed to be expected. However, we present some results for n = 3, 4, 5
with a view to future applications to the tt system for which NP corrections remain small up to n ∼ 5.
This paper is organized as follows: the perturbativehamiltonian is reproduced in Sec. 2 for ease of reference. The NP corrections to the interaction are evaluated in Sec. 3. Sec. 4 contains the ensuing shifts in energies and wave functions, which are then applied in Sec. 5 to the complete evaluation of n = 1, 2, l = 0, 1, j = 0, 1, 2 and spin s = 0, 1 bound states of bb. The 2 article is finished in Sec. 6 with numerical results and Conclusions.
2 The perturbative QCD Potential.
We present here the Hamiltonian for thesystem for ease of reference. We write it separating the spin-independent, LS, tensor and hyperfine pieces as follows:
Here,
is the total spin, L the orbital angular momentum and
n f is the number of active flavours. The running coupling constant we take to two loops,
We have lumped the constant piece of the one-loop correction into α s (Eq. (5)) because the ensuing potential is still Coulombic and therefore H (0) may still be solved exactly. The relativistic, full one loop and leading two loop corrections to the spin-independent piece are known; see TY for details. We will not need them now. The total Hamiltonian is of course
where the index p emphasizes that only perturbative contributions are taken into account.
A result that we take over from TY is the form of the (spin-independent) wave functionsΨ (0) nl pertaining to the Hamiltonian H s.i. . They are easiest obtained with a variational method; one finds that they are given by a formula like that for the wave functions of the Coulombic Hamiltonian H (0) with the replacement of the "Bohr radius",
A few explicit expressions may be found in Appendix II.
In particular the wave function at the origin becomes
As stated, Ψ
nl is the solution of the equation
When taking into account the full H s.i. the energies are shifted toĒ
A last word about the notation: the superindex (0) in say, Ψ (0) , E
means "of zero order with respect to nonperturbative (NP) effects".
3
The Nonperturbative Interactions.
It can be shown (TY and [3, 4, 5] ) that the leading NP interactions, at short distances, are those associated with the gluon condensate; and, of these, the dominant ones are those where two gluons are attached to the quarks. These interactions are equivalent, in the nonrelativistic limit (including first order relativistic corrections) to those obtained assuming the quarks to move inside a medium of constant, random chromoelectric, E and chromomagnetic, B fields. Because the fields are constant they may be considered to be classical;
and because they are random we may take them of zero average value
The average is taken in the physical vacuum. Quadratic averages are nonvanishing and may be related to the gluon condensate. With i, j spatial indices and a, b color ones one has (for N c = 3 colors)
The relativistic interaction of a quark (labeled with index 1) with classical vector fields may be described by the Dirac Hamiltonian
a being gluon fields (in matrix notation). A convenient gauge is that in which
To solve our problem one can apply a Foldy-Wouthuysen transformation [6] to obtain the Hamiltonian (correct including first order relativistic effects)
S 1 the spin operator and p 1 = −i ∇ 1 . Adding to this the Hamiltonian of the antiquark (g → −g, r 1 → r 2 ) and their interactions given in the previous section we find the full hamiltonian, which now includes leading NP effects, 
(17). The reason for its omission is that it gives subleading
corrections to all processes (as compared to the contributions of the other terms).
Before embarking upon detailed calculations, let us elaborate on this matter of leading and subleading corrections. Because
it follows that the NP terms in Eq. (17) are
This simplifies enormously the calculation at the leading order as seldom more than one, and at most two terms need to be considered. A further simplification is that, with the only exception of the hyperfine splitting for n = 2, l = 1, only the tree level piece of H p has to be taken into account when evaluating leading NP effects.
4 Energy and Wave Function Shifts.
Spin-independent Shifts.
Although most of the spin-independent shifts of energies and wave functions were discussed in TY and [3] , we give here a detailed calculation for ease of reference, to correct an error common to TY and [3] , to present the results for the n = 2 wave functions and to explain in this simple case the way the calculation works.
The effects of the nonzero condensate are evaluated with the help of perturbation theory. The perturbation consists of the terms (cf. Eq. (17)),
Because, for spin independent effects, the first term gives a nonzero result we may neglect the others which would contribute corrections of higher order in α s , cf. Eq. (18). Second order perturbation theory is required as only quadratic terms in E will give a nonvanishing contribution, as discussed in the previous section, Eq. (14) and above. The method of evaluation, for this particular case, has been developed by Leutwyler, Ref. [3] , and is related to Kotani's treatment of the second order Stark effect [8] , up to color and angular momentum complications that we now discuss.
We denote the solutions of the unperturbed Hamiltonian by
(We have omitted the trivial rest mass energy term). The R
nl (r) are identical to the standard Coulombic wave functions for the hydrogen atom with the replacement of the "Bohr radius" by a = 2 mC F α s . Second order perturbation theory yields immediately the energy and wave function shifts:
and
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Here
is the projector orthogonal to the nl state. It does not appear in Eq. (20) because
The expressions (20), (21) are first simplified by replacing
recall Eq. (14).
Next we take care of the color algebra. The one-gluon exchange potential is given, when acting on arbitrary color states by
If the initial (and final) states are color singlets we may average
and then we get the potential, and Hamiltonian,
we have incorporated, as we always do everywhere, the Coulombic piece of the one-loop corrections into α s .
In Eqs. (20) and (21), however, the states Ψ
nlM are certainly color singlets: hence the matrices t b (for example) when acting on them will produce a color octet state. For a color octet the potential and Hamiltonian are
One then finds
Putting this together with Eq. (22) into Eqs. ( 20) and (21) gives the formulas
which takes care of color complications, so we turn to deal with angular momentum. Obviously the perturbation is rotationally invariant so the third component of angular momentum, M, is not affected by it; but the total angular momentum algebra is not entirely trivial. We write
where λ = 0, ±1, and the r λ 's are spherical components,
Using the formulas
and the addition theorem for spherical harmonics we get
with (. . . | . . .) the standard Clebsch-Gordan coefficients.
When acting on a function with well-defined angular momentum l we
where
with κ = −C F for H 
become
We have succeeded in separating the color and angular variables to obtain equations involving only the radial variable and radial wave functions. To finish the calculations all that is needed is to find the inverses 1
This is described in Appendix I. The ensuing expressions for the E NP nl and R NP nl are collected in Appendix II for a few values of n, l and will be employed later 13 on. The expression we get for E NP nl agrees with that found by Leutwyler [3] and also R NP 10 , the only wave function calculated in Ref. [3] , agrees with our evaluation.
We
It thus follows that the importance of nonperturbative effects grows very rapidly with n. Moreover we expect them to be smaller for energies than for wave functions and, generally, to be larger when l = 0 than for l = 0 (for the same value of n). These properties may be verified explicitly in the expressions collected in Appendix II.
The energies and wave functions correct to leading order in NP effects and including one-loop corrections are then 
Hyperfine splittings
The hyperfine splittings are caused by the interactions that depend only on spin; they are V hf in Eq. (8), and the piece
in Eq. (17). Besides the splitting caused directly by the last term, there is a nonperturbative contribution indirectly generated by −g r · E . This contribution that we will call "internal", comes about because, when evaluating the expectation values
we should use the wave function including the NP corrections discussed in the previous Subsection:
The "internal" NP splitting is the last term in Eq. (35):
To evaluate this to leading order we use the expression
and thus we get ∆ in hf E n0s = 2s(s + 1)
For l = 0 the leading piece of V hf gives zero, because R
nl (0) vanishes. We have to take into account the radiative correction to V hf and then ∆ in hf E nls = 2s(s + 1)
It will turn out that, for l = 0, this internal shift will be subleading. This fact is very interesting because this is one a the few cases where a rigorous QCD analysis yields results qualitatively different from the calculations based on phenomenological potentials. This we will discuss in detail elsewhere.
The contribution to hyperfine splitting of the interation − g m
we will call "external" § . It may be calculated as we calculated E NP nl in the previous Subsection. We find,
The inverse is obtained with the formulas of Appendix I.
To the NP contributions we have to add tree level (relativistic) and radiative ones, that we collectively label perturbative: from TY, The constants are as in Eq. (8) . The full splitting is thus
with the various pieces given in Eqs. (36) to (40).
Fine splittings
Also here we have "internal" and "external" contributions. The internal ones are, as before, induced by the NP modification of the wave function. The calculation is somewhat complicated because now two operators, the LS and
Tensor ones (Eqs. (6) and (7) ) contribute. We find 
T are the leading (tree level) pieces of V LS , V T . Using the explicit expressions for these we have,
, j = l + 1 . The leading "external" fine structure shift, ∆ ex f E nlj , is caused by the crossed combination of the perturbations
In this case the external shift is also chromoelectric; the chromomagnetic perturbation − g m ( S 1 − S 2 )· B does not contribute to the fine structure. The color algebra is now like the one for the spin-independent shift, Subsection 4.1.
Thus,
The angular momentum algebra, on the other hand, is somewhat complicated. It is developed in detail in Appendix III for n = 2, l = 1. One
The calculation is finished using the inverses of Appendix I. The result is
with
The perturbative fine splitting is (for s = 1; the splitting should be considered to vanish for s = 0)
The constants as in Eqs. (6), (7) and (11).
The full, relativistic plus radiative plus NP fine splitting is then
the various terms given in Eqs. (42), (48) and (50).
Decays into e
For a state with l = 0 the decay rate into e + e − is given by
Here δ r is a "hard" radiative correction [9] ,
δ wf (n, 0) is given in Eq. (11) and ρ NP (n) is the ratio of NP to unperturbed wave functions at the origin:
It is to be calculated with the expressions of Appendix II.
5 Properties of Bottomium in States with n = 1, 2.
We will use spectroscopic notation: states will be labeled n 2s+1 l j , l = 0, 1, 2 . . . 
States with n = 1.
From TY we have
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The order α 4 s is partially known ; it adds to the right-hand-side of Eq. (55) a term 2m − 3C
We will use both Eq. (55) 39) with those of Appendix I. The result is
In the NP contribution the first term is the internal, the second the external which is, as is generally the case, substantially smaller than the first. The term in square brackets is, after multiplying by π, 7.81 + 0.42 = 8.23, slightly smaller than the value given by Leutwyler [3] which was also used in TY and equal to 10.2. The difference in the value of the hyperfine splitting, however, is fairly small. The corrected value, following from Eq. (57), will be given below. For the e + e − decay Eq. (52) gives us
and we have inserted the explicit values for δ r , δ wf , ρ NP .
5.2
States with n = 2. Spin-independent shifts. Decay into e + e − .
We will denote by M (2 3 P ) the average of the masses of the states * * 2 3 P j , j = 0, 1, 2:
From the analysis of TY and Ref. [3] we have,
α s π * * Denoted by χ bj (1P ) by the PDT people, Ref. [10] .
It is interesting to consider on its own the "Lamb shift", difference between
Eqs. (60) and (61), as here only the states with n = 2 are involved:
As for the decay Υ(2S) → e + e − , Eq. (52) gives
5.3 States with n = 2. Fine splittings.
From Eq. (51) and after some work we get the fine structure splittings † † M(2
The first term containing α s G 2 is the "internal" NP shift (corresponding to Eq. (42)); the last term is the "external" piece, Eq. (48 shifts are
5.4 Hyperfine splittings for states with n = 2, l = 1.
The hyperfine splitting M (2 3 P ) − M(2 1 P 1 ) has not been measured experimentally for bottomium. For charmonium,
The theoretical calculation has been displayed in Subsection 4.2. After substituing the explicit expressions for the various pieces we get
This effect is remarkable. The coefficient β 0 2 − 21 4 is negative; hence the perturbative and all internal NP contributions (which are, however, subleading) will be negative. On the other hand, the external NP correction is positive.
For the (relatively) light quarks cc, the perturbative piece dominates; but for bb, because it decreases like α 5 s , and the NP one grows like α −2 s , the situation is reversed and we will get
This is of importance for calculations based on phenomenological potentials (see e. g. Refs [2, 11] ), a matter that will be discussed in a separate publication.
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6 Numerical Results.
The numerical results which correspond to the formulas given in the previous sections are presented in Table. 
the first variation in Eq. (68) tied to the variation of Λ in Eq. (67), the second tied to that of the gluon condensate also in Eq. (67).
The agreement between theory and experimental data is remarkable, as is remarkable the stability of the predictions of the (as yet unmeasured) hyperfine splittings. The deviations are of the expected order of the higher corrections, O(α s ) ∼ 30%. As drawbacks, however, let us mention the fact that some of the NP corrections, notably the ratio δ NP , do actually exceed unity ‡ ‡ . This makes the results of the fine splittings less impressive than what they look at first sight. Nevertheless, the choice of µ as well as the way to write our equations certainly allow a control of the results.
The process Υ(2 3 S 1 ) → e + e − merits a special discussion. If we take the central value µ = 976 MeV (Table I , column(c)) and consider the leading ‡ ‡ A list of some radiative and NP contributions is given in Table II. 26 expression of the width, i.e., we neglect radiative and NP corrections, we get
This is the value reported in Table I (c) External NP corrections.
All dimensional numbers in MeV.
